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IM®  is  9,  tm»3«M«s  ef  aa  scti^  1»  OGO# 

m  55i.  3P®9«  ys&i  om  a®o-ii 

■“.  1,  'ffeTMtarilste^^^^  o^  imt^rUnt  quantities,  i.a.  quantities, 

uategqing  relatively  little  cha»g^4uting  aotioa  «lth  some  velocity,  has 
for  a  loisg  ti««  oceapled  a  large  plaa®  l»  aetaorologlcal  laveatlgstloas .  it 
'foUous.  to  rseo^lre  thlo  a*  quite  cataral,  since  the  basic  properties  of  a 
process  on  the  very  large  scale  are  characterised  by  those  (factors),  naMly 
what  quantities  appear  to  be  tovariaat  and  what  IS  the  advection  velocity  of 
thes&  immriaEt  qunsutiti^Cs 

It ’is  well  known  how  great  the  practical  significance  of  "conservative" 
quantities  (which  appear,  evidently,  as  one  o^hs  forms  of  the  invariant 
quantities)  Is  ta  the  analysis  of  atmospheric  processes.  It  i«  suffiaent 
^  to  point  to  the  application  of  potential  and  aqutvaleat-potenttal  tempera* 
tvara  la  t&esmcsdynamlcs  of  the  atmosphar®,  and  to  numareu*  applications  of 
Bernoulli's  equation,  tha  purpose  of  sMch  cormists  in  the  determination 
of  a  eoaaam-etlve.  quantity  for  aatabliebed  processes,  taking  place  in  an 
Imemw^mstihU  ideal  fluid  or  in  a  barotroplc  ideal  medium. 

Is  i»  toom3i  ttot  tit®  quiiatity 

6-  f-^J^  ^  J  f%  - 

where  ta  the  velocity,  ^  i»  the  acceleration  of  gravity,  p  i» 

pressure  as\d  is  the  density  of  th*  air,  does  not  remain  strictly  constant 

along  chs  lines  of  flow  (just  by  virtue  of  the  presence  of  viscosity,  not  to 
aentlan  other  effects).  Hwertbaless,  tha  applic4tl<m  of  the  Bernoulli 
squattea  together  with  tha  condition  of  conservation  of  potential  temperature 
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perroits  us  to  solve/  quite  sufficiently  for  practical  accixcacy,  a  great 
nuxaber  of  aerodynamic^  teclinical  and  meteorological  problems.  To  find  a 
dynamic  characteristic^  which  is  conserved  during  non-statlonary 
atmospheric  processes  with  approximately  the  same  degree  of  accuracy  as 
th^  quantity  /3  during  established  processes,  means  it  would 
considerably  facilitate  many  meteorological  investigations.  However,  untj.. 
recently/ almost  all  the  accomplished  transformations  of  the  dynamic  equa¬ 
tions  of  the  atmosphere  for  the  purpose  of  the  establistoent  of  invariant 
quantities  has  been  based  on  serious  simplifications  of  the  actual  relatic 
between  meteorological  quantities.  As  a  result  the  properties  of  the 
invariance  of  such  quantities  realized  only  highly  approximately. 

The  work  of  Charney  ts],  who  approached  quite  close  to  the  determinr^ 
of  an  invariant,  the  expression  for  which  is  given  later  [formula  (13)1,  ^ 
of  significant  interest.  However,  as  far  as  a  suitable  conclxislon  realize 
with  the  neglect  of  terms  of  the  equations  of  the  first  order  of  smallness^ 
relation  (13)  defines  a  quantity,  invariant  only  as  a  first  approximr 
We  shall  see  shortly,  that  quantities  of  the  first  order  of  smallness 
usually  constitute  15-20%  of  the  main  terms  of  the  equations^  so^  that  the 
neglect  of  several  such  terms  can  lead  to  relatively  significant  errors, 
the  present  work  special  transformations  ofy^he  equations  are  realized,  whi 
permit  us  to  obtain  an  invariant  of  the  second  approximation,  i,e,  limit 
ourselves  to  neglect  of  terms  of  the  second  order  of  sioallness.  But 
first  it  is  necessary  to  make  th6  concept  of  large  scale  atmospheric 
processes  more  precise  and  to  examine  the  basic  characteristics  of  their 

relation,  ^  * 

2.  First  of  all,  let  us  note,  that  for  the  classification  of 
atmospheric  motions  the  criteria  of  Reynolds  and  Froude  (which  are  usual}; 
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employed  for  this  purpose  in  hydromechanics)  prove  to  be  useless*  For  ail 
atmospheric  motions  studied  by  dyneinlc  meteorology,  the  Reynolds  number 
is  very  great  and  on  the  strength  of  this  it  appears  possible  to  neglect 
the  moiocuiar  viscosity  (vi tlx  the  exception  of  the  air  filmj  of  thickness 
of  the  order  of  a  millimeter^  x^rhich  directly  borders  the  underlying  surfac-.; 
The  Froude  number^,  in  almost  all  the  motions  considered  in  dynamic 
meteorology  (excepting  hurricanes^  tornadoes^  etc*,  and  also  motion  in 
cumulus  clouds)  Is  very  small*  Therefore^  practically^  It  is  possible ’to 
consider  the  vertical  component  of  the  inertia  force  as  a  small  additian  tc 
the  force  of  gravity^  while  in  a  majority  of  cases  these  additions  are 
simply  neglected*  For  that  reason^  iix  the  nature  of  a  fundamental 
criteria  for  the  classification  of  atmospheric  motions^,  it  is  suitable  to 
use  the  ratio  of  the  horizontal  coraponents  relative  t:o  tha  Coriolis 
acceleration  of  the  air  particles* 

Introducing  the  designations: 

ij  is  the  horizontal  velocity  of  the  air  motion 
relative  to  the  earthy  is  the  scale  of  the  motion^ 

/ ^  ^  where  LO  is  the  angular  velocity 

of  the  earth's  rotation^  ^  is  latitude^  Oc  is 
the  ratio  of  the  above  mentioned  accelerations^  v^e  obtain 


(i) 


/  / 
1*1 


I'le  shall  call  the  motion^  in  which  the  relative  acceleration  appears 
to  be  determined  for  (  /*  ^  small-scale;  motion^  in  which  the 

Coriolis  acceleration  appears  to  be  determined  for  (  J  ^ 

large  scale  and^  finally,  'motion,  in  x^rhich  both  the  accelerations  considere 
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have  the  same  order^  medium-scale.  For  a  quantitative  estimation  of  the 
characteristic  scales  of  the  three  classes  of  motion  mentioned^,  it  is 
necessary  to  remember^  that  the  qtiantity  U  has  been  related  to  L 
[5]. 

Carrying  out  the  corresponding  estimations^  it  Is  possible  to  convinc 
yourself,  that  outside  equatorial  regions^  motions  of  scales  up  to  100  mete: 
inclusively,  as  a  rule,  are  regarded  as  small-scale;  motions  of  scales  of 
kilometers  and  tans  of  kilometers  (in  particular,  breezes)  —  medium-scale 
and  hundreds  and  thousands  of  kilometers  --  large-scale. 

Consideriiig,  that  represents  the  characteristic  value  of  the. 

vertical  component  of  relative  vorticlty  ,  It  is  still  possible  to 

write  down  the  .criteria  for  large-scale  processes  in  such  a  form 


<  1 


Let  us  note  that  ^  represents  the  vortical  component  of  the 
vorticlty  of  the  fundamental  .motion  (vorticlty  of  the  earth^s  rotation^?) 
Trans,).  Therefore  large-scale  motion  is  characterized  by  that  condition, 
that  the  vertical  component  of  the  vorticlty  of  the  fundamental  motion  of 
particles  many  times  exceeds  the  vertical  component  of  the  relative  vortici 
Condition  (1)  is  often  used  for  the  simplification  of  the  dynamic 
equations  of  the  atmosphere,  beginning  with  the  known  work  of  Kibel  [3]. 
Here  in  the  Fridman  equation  for  the  change  of  vorticlty  terms  of  the  firs 
order  of  smallness  are  neglected  (i.e.  quantities,  the  ratio  of  which  to  1 


main  terms  of  the  equation  have  the  order 


)  and  correspondingly  in 


the  equations  of • horizontal  motion  quantities  of  the  second  order  of 
smallness.  For  such  simplifications  it  proves  to  be  possible  to  obtain  c 
the  invariant  of  the  first  approximation,  so  that  we  shall  have  to  carry  c 
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a  more  detailed  analysis  of  the  smallness  of  the  various  quantities* 

3.  In  the  work  [6]^  an  estimation  of  the  tenas  of  the  equations  of 
horizontal  motion  and  heat  flow  vjas  made^  and  also  considered  v/ere  the  tW'. 
equations^  obtained  by  the  application  of  the  vorticity  and  divergence 
operation  to  the  vector  equation  for  horizontal  acceleration.  From  carry: 
out  the  analysis  further  the  following  conclusions  are  of  interest. 

(a)  It  Is  possible  to  take  the  cliaracteristic  value  o^^he  ratio 
equal  to  0.2  for  macro-scale  raotion  for  the  characteristic  length  L 
the  order  of  300-500  km.  Further,  quantities,  having  the  order 

we  shall  designate  through  ' 

,)it  , 

(b)  Tbe  ratio  of  the  divergence  of  the  horizontal  velocity  Jx  J 

to  produces  a  value  of  second  order  of  smallness ,  i.e. 


( oin 


order  of  the  quantity  r 


(c)  The  ratio  of  the  quantities 


^  '  \/ 
^  .  K<. 


Where  is  the  horizontal  component  of  velocity  (  U-  ^  '5' 

is  the  horizontal  coordinate  I  ca  y  J  ,  ^  is  height,  “ts 


vertical  velocity,' 


is  a  quantity  the  order  of  B 

I  .  /■  1 _ -V  — _ . 


However 


the  quantities  W  and  have  the  same  order  in  the  free 

atmosphere. 

(d)  Heglect  of  turbulent  friction  for  the  macro-scale  motions  sti 
in  the  free  atmosphere  seems  to  be  in  general  sufficiently  justified. 
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Proceeding  from  the  last  conclusion,  in  the  future  let  us  consider 
the  equations  of  an  ideal  fluid.  Let  us  also  regard  the  motion  in  the  , 

free  atmosphere  as  adiabatic,  leaning  on  the  fact  of  the  smallness  of  heat 
flow,  shoTO  by  C.  C.  Gaigerov  and  V.  G.  Kastrov  [l],  [2]  on  the  basis  of 
data  of  special  free-balloon  investigations.  Thus,  the  invariance  of 
potential  temperature  is  assumed  fr.om  the  very  beginning.  Let  us  take 
advantage  of  the  dynamic  equations  of  the  atmosphere  la  the  variables  'tT 
(time),  X  (the  axis  is  directed  toward  the  east),  ^  (the  ^ 

p 

axis  is  directed  toward  the  north),  (the  ratio  of  the 

pressure  to  its  standard  value  y?  sst  1000  mb).  The  horizontal  componen; 
of  velocity  Lt ,  ^  the  geopotential  j ^  potential 

temperature  Q  and  the  quantity  "Jv  ,  equal  to 


w 


^  ^  J  ( 


~  -4^  i~  V 


appear  as  the  unknown  functions. 

Hare  .  Vi/  is  the  veritcal  velocity  and  is  the  density  of  the 

air.  The  quantity  v\f  is  proportional  to  the  individual  change  of 

/  _iiL'  dP  ) 
pressure  {  vi/  -  ^  ^  y/. 

The  system  of  equations  which  interests  us  have  been  encountered  often 
recently  in  investigations  by  dynamic  meteorology  (see,  for  example,  [7], 
where  it  was  also  indicated  by  way  of  a  conclusion).  Let  us  copy  it. 

The  equations  which  express  the  horizontal  acceleration, 


iP 


V:  -tu  44  V-  vM  ^  ^  i 
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The  equation  of  continuity 


■y/  ,5  ^  '  2'  f 


The  equation  of  the  adiabatic  process 


,  I,  y  ^ 


c-inally^,  the  relation  between  fp  and  the  geopotential  is  found  from  the 
hydrostatic  equation  and  the  equation  of  state 


p  iL^ 

>P  V  w  ^ 


In  connection  with  this^  that  the  angle  between  the  directed  normal-i 
to  the  isobaric  surface  ^ and  the  vertical  is  very  small^  then  the  qua.n.titic 


7h^ 


jy".  ) 


etc. j  which  appear  in  equations  (4)-(6);  differ  qr 


little  from  those  same  values^  determined  in  the  system  of  variables  a' 
The  relative  difference  between^  for  example,  the  values  of  , 


calculated  under  constant 


or  under  constant  ^  usually  do  not 


exceed  3  --  5%*  However  the  presence  of  these  small  differences  (and  also 

of  course,  that  ^  j'  differs  from  )  leads  to  appreciable 


slmpliflcatlcn  of  the  form  of  the  continuity  equation,  from  which  the 
/ 

small  quantity  eliminated. 

It  follows  to  note,  that  changes,  under  ^ehe  indicated  substitution 
of  variable  values  of  the  derivatives  with  respect  to  time  and  the  horlzoi 
direction,  of  the  potential  temperature  are  significantly  larger  than  the 
corresponding  values  of  the  velocity  components,  and  could  reach  10-2,0%. 


This  fact  Is  found  in  direct  connection  with  the  conclusion,  mentioned 


above^^  concerning  the  variability  of  the  temperature  (also  the  potential 
temperature)  and  the  v;ind  in  various  directions* 

4*  Let  us  now  construct  a  tablej,  analogous  to  [6]_,  of  the  orders  of 
toe  quantities^  appearing  in  equations  (4)'*(8)*  For  this  we  can  profit 
partially  by  the  data  of  the  work  of  [6]^  introducing  the  corresponding 
conversion  factors  to  the  new  variables.  Some  new  results  xvera  obtained 
by  means  of  the  treatment  of  actual  data.  Tables  1  and  la  contain  the 


roean  square  deviations  from  the  standard  derivatives  (divided  differences) 


of  the  quantities  Li  j  0 ^ 

(derivatives  determined  for  constant  / 


and 


)  for  theilayer  from  0.5  up  to 


6-7  km.  The  space  Interval  for  the  deterrm^nation  of  the  horizontal 


differences  of  meteorological  quantities  was  chosen  equal  to  000  A 

the  time^  interval  equal  to  12  hrs*  and  the  interval  throu 


the  variable  / 


0^  Z5 


In  numerous  cases  the  norm  (the  climatic  value^  averaged  with  respect 
to  time  and  space)  of  the  derivative  proved  to  be  significantly  less^ 
than  its  standard.  However^  the  systematic  increase  of  the  geopotential 
and  potential  temperature  with  the  drop  in  pressure  leads^  for  large  scale 
motiozi^,  to  that  conclusion^  that  the  norms  of  the  derivatives  of  these 
elements  with  respect  to  ^  significantly  surpass  the  standards  of 

those  quantities.  It  is  clear,  that  In  the  cases  mentioned,  the 

characteristic  meaning  of  the  quantity  appears  to  be  its  norm.  The 
corresponding  graphs  of  the  tables  contain  two  quantities:  upward  the 
standard,  below  the  norm.  It  follows  to  keep  in  mind  that,  owing  to  the 
geographic  variability  of  the  derivatives  of  meteorological  elements,  the 
mean  value  of  the  derivative,  computed  in  a  definite  region  and  for  a 
definite  level  (layer),  can  differ  appreciably  from  the  values,  indicated 
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TA£L£  X 


lodard* 'derivatives  (divided  differences)  of  the  horizontal  velocity,  geopotential 

And  potAntlftl  temperature 


1X10“  I  ~f^o“  >?XX? 


\  '  0^ 

d5)t 

1 

A /O 

i 

z/zo^'^ 

3i/0  ' 

zy./o''^ 

1  ■  ! 

3//0'' 

/£.• 


‘fABLE  la 


:andard  value  of  of  the  component  of  vortleity  «/X^  and  of  their  derivatives 


8a 


In  the  table.'  Neverthelesa,  from  our  data^  the  relatlva  deviations  of  the 
local  values  of  the  derivative  from  its  tabular  value,  as  a  rule,  do  not 
exceed  30%.  One  can  expect  the  greater  discrepancies  (from  one-half  up  to 
double  the  tabular  values)  there,  where  the  numerical  factor  10  was  not 


Indicated  in  the  power-  ■ 

5.  Let  us  apply  the  vorticity  operation  to  the  equation  for 
horizontal  acceleration;  for  that  let  us  differentiate  equation  (5)  with 
respect  to  and  let  us  subtract  from  it  (4).  differentiated  with  respect 

to  ^  .  After  elementary  calculations  wa  find 

■  P  A  p  ( jif  -hi)  ^  yit 

-TZ  -f-  ^  V -f-  ^  ~r>  -h 

9)  Py _ 


la  equation  (9)  the  chief  terms  are  underlined  by  the  thick  straight 
line  and  the  terms  of  first  order  of  smallness  relative  to  the  chief  terms 
are  underlined  by  the  thin  wavy  line.  Here  the  underlined  conclusions 
calculated  above  are  ^  and  />  .  However,  an  estimation  of  all 

the  values  could  he  obtained  directly  from  the  tables,  if  we  consider,  that 

by  (6) 


iji 


From  equation  (9)  it  is  clear,  that  due  to  the  presence  of  the 
divergence  oOThe  horizontal  velocity  -2^  -f"  ^  »  the  quantity 

/  dX 

X  f  does  not  appear  to  be  an  invariant  even  in  the  fits^t  approxima 

tion.^'^ 


1/  It  is  obvious,  that  the  first  four  terms  of  equation  (9)  could  be 
presented  in  the  form  ^  ,  in  so  far  as  ^  does  not  depend 


The  attempt  of  Rossby  to  introduce  the  special  invariant  quantity  — 
"the  potential  vorticity"  is  justified^  as  A,  M.  Obukhov  [4]  mantions^ 
only  for  serious  simplifying  assimiptionsS .  The  method  of  transition  to  an 
invariant  quantity  consists  in  the  application  of  equation  (9)  at  such  a 
level,  where  the  divergence  of  the -horizontal  velocity  is  .very  small  and 
could  be  neglected,  which  is  also  another  assumption  given  for  the  first 
•time  by  Rossby, 


We  can  show  some  difference  of  the  standard  values  of 


and 


even  by  the  mean  data,  given  in  table  la.  Actually,  the 


tandard  value  of 


o-tr 


4x  /o 


j  and  the  value  of 


is  3X.  /O 


(for  /,  2X'  A/7'', 


which  corresponds  to  latitude  55®). 


.  ^  ,F  ..  jjlf 

y _ 


If  we  look  for  the  layer,  in  which  the  ratio  Jt-  ':^’2  j 

would  be  equal  to  0.5  in  the  mean,  then  the  quantity  Ji  _j'X/  i^ 

such  a  layer  appears  to  be  invariant  with  an  accuracy  to  ^ 

Let  us  note,  that  the  so  called  ’’barotropic  schema"  of  the  precalculation 
of  pressure  depends  on  the  use  of  this  quite  approximate  invariant. 

Now  let  us  introduce  the  invariant  of  the  first  approximation  from 
(9)  and  (7).  For  this  let  xis  neglect  in  (9)  terms  of  the  first  order  of 
smallness  ^  ,  let  us  replace  -A  ^  // 


—  ,  and  everywhere  in  the  remaining  terms  let  us  replace  the 

horizontal  velocity  components  by  their  geos trophic  values 


/  a/ 
I'-JX 


Estimating  the  order  of  the  quantities  in  equations  (4)  and  (5), 
we  are  satisfied,  that 
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U 


y- i-s 


^  e»6«6tiktklly  $L  queatlty  of  order 


(£  .  Xh 


erefore^  when  deducing  the 


inv&riant  of  the  first  epproKimat ion  the  replacement  of  the  actual  wind 
by  the  geos  trophic  wind  is  completely  natural, 

So^  wi.th  accuracy  to  the  first  order  of  smallness 

^  ‘'f  'fi'  ^  irr^' 


hat  m  differentiate  equation  (7a)  with  respect  to  ^  •  On  the 


strength  of  (10)  and  (8) 


-=■  (hT>r  <)/  /=''= 


-j—  «s 

Therefor®;,  designating  ^  p  ^  we  find 


r) 

Jt 


+ 


pu./’;  ‘  ^  ^  ^ 
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and  present  it  in  th& 


Further,  let  us  divide  (9a)  by  -t  / 
fona 


(12) 


:>t  ^ 


) 


^  W 


Adding  (il)  and  (12),  we  find 


(13) 

■  -r  i/-  r  ^  /A-  f/^xi/jJ.^ 

y  -f-  V^/  di  ^ 


Thwa,  the  quaatity  /^  i-  y£/t  ( ,1  -/--fl^) 

appear^ lavarlsnt  la  the  first  approxiatatlon.  It  is  clear^  that  one  can 

i-Jlf)  ff 

6.  to  obtain  the  invariant  of  the  second  approximation  let  us  introduce 
the  follcwing  substitution  of  variables 

<»)  ,  <'/"Z 

Let  us  construct  completely,  for  example,  the  calculations,  connected 
with  the  substitutions  (14)  for  equation  (7),  Let  0  f ) 

in  the  new  variables  be  presented  as  a  function  of  f  /  ,  f  J 


say  tha  earns  about  the  quantity  ^ 


then 


Hence  we  obtain  that 


2^i-Uy^  ^  ~  +[U^j. 


-ti 


I  fin  ‘jy  ^  V  iv  -" 


,  V/  ^.lA)CO^S>' 

Since  the  chiracterlstlc  values  of  ■ 

(  Cl  is  the  radius  of  the  earth)  is  f/s>i  /O  ,  then  the  ratios 

of  the  quantities,  underlined  by  a  wavy  line,  to  the  wind  velocity  present 

a  value  of  the  order  •  Hsgl^tlng  them  and  using  (A),  (5), 


(10)^  we  obtain 


iP  If  ^  c//  ^  M 


)  r-  ^  F 

dJ  ^  tv 

)'{  ^  •>/ 


or  replacing  the  temporary  designation  f-~  \>y  ^  (hut  0  has 

already  been  expressed  as  a  function  of  the  new  variables)  we  shall  have 


r 


(16) 


—  -  -'  ^^0  17  ?f 


tit  Jt  ^ 


,^.  ji/if  j~2t!  _ 

Sow  lat  u3  substitute  into  equation  (9)  ^  7  . 

from  the  continuity  equation 


(17) 


(it 


d..{  £ /-  Jlf)  ifi  ^  ti,.  ^ ^ 


A&  before  etaall  tema  of  the  first  order  heve  been  imder lined  by  a 


wavy  line* 

'■^sr 

Analogoua%^(lb)  &a 


In  order  to  traaafcrm  the  rest  of  the  tersis  of  (17)  to  the  new 
v&riablea^  let  m  introduce  the  tcssporasqr  designations 

a.lf-,y,jf,/J^  u/t, /,,(,/);  /It, x,^,/)=  V(tt,,j,fJ 

W(t,f,>l,/) 

Then  we  have 

i  w  ^  :>jy  J-  >x  '^w  ju  Id 

>j  n  q  ij  ~  ^  X  ij 

3»  JVV  ,>/i_>WJ-ill 

ty  =  Wl  It  f  75--^  ^  ^ 

n  ii  t  )J- 

-14^ 


Further  it  follows  to  express^  with  the  aid  of  the  sarna  such  relation 
all  the  derivatives  of  C-O  and  j/  in  the  new  variables  and  put  thcx 
into  equation  (18),  However^  since  for  calculations  we  shall  neglect  all 
quantities  of  .the  order  in  comparison  with  unity^  the  calculations 

should  be  essentially  simplified.  As  P etc.  ,  c. 


considered  themselves  as  quantities  of  the  order 


:  £  , 


wa  can  rewrite  t>. 


latter  equation  (18)  thus: 


7/. 


^  t:  {  JS  J; 


if'’’  ^  d  IV  tf: 


ky  -  •  J 


Here  C  l  ?  5  /  denotes  the  quantity  of  the  order 
to  the  horizontal,  derivative  of  the  quantity  W 
Then  we  have 


relati 


li'vyy _  ity  vi 
V  ff'  y 


■;  .)  IV 


/  t-  r 


J  i  !-'  <>  l4 


fy  {  / 


(  jV  .)  K 


The  meaning  of  the  designation  0  [  J)  ^  )  f  /  clear  from  th 

proceeding.  Since  the  term  in  brackets  has  the  order  (S  relative  to 
the  chief  terms  of  equation  (17)^  than  with  an  accuracy  to  a  value  of  the 


order 


we  can  replace  the  left  side  of  (19)  by  ^ 


Turn: 


then  to  the  entry  in  (17)  the  quantity  _ easily 

convlncedj  that  in  this  case  for  the  expression  ^  /V'^ 


variables  still  less  accuracy  is  needed  and  it  is  possible  to  write 


-15- 


-i!  ^ -^^Ts 


iW 


f  Colleetlng  all  the  results  obtained,  we  bring  equation  (17)  to  the 


form 


yj  ^  ^1^3 


(20) 

Hera  the  eld  designation  \s/~  ^  has  been  restored,  but  It  follws 

to  renenlber^  that  now  VV"  presented  as  a  function  of  T**>  j  /  'f 

Let  us  transform  aquation  (8)  to  the  new  variables.  We  have  (  ^  in 

A 

the  new  variables  we  shall  designate  \>y  ^  ) 


xi.tf-xL,) 


<2i>  e 


j  /)  X-  ^  -i 


(22) 


the  gaostrophic  relations  (10)  in  the  new  variables  take  the  form 

/  si  t  V  J-  it!  X  J-  if 

'  ,  >i  )  xl/  xe' 

{j-t  t  Tx-i  -"f  iy 


77] 

Than  with  aeeuraeur  to  tha  second  order  of  smallness  we  can  perscnt  (22) 


in  the  form 


(23) 


J. 


'i 


'X  J 


L  —  ) 


-16- 


It  is  not  difficult  to  verify^  that  carrying  out  the  same  such 
transformations  in  (21)^  wa  obtain  the  quite  accurate  expression 


(24) 


e- 


/ 


^  f~x  -2  ( 


J 


from  (24),  then  the  error  will 


If  we  find  ■  I  or 

i 

have  the  second  order  of  smallness. 

Kow  let  us  differentiate  equation  (16)  with  respect  to  ^  .  Tin 

on  the  strength  of  (23)  and  (24)  the  quantity  _ 


>r  V 


is  equal  to  z^xo,  and  we  find 


(25) 


jt 


,  f!  2  .  J  ■  j  ijy 

■^'4  )f  ^  b  fyf  Ti  }  Tp  y/  V 


'1 


1 

/  ^ 


) 


J 


o 


Prom  (20)  and  (25)  we  obtain 


^(9 


So,  again  we  obtained  the  invariant  (2  ^  but  i; 

the  variables  ^ ^  ^ /  f  replacement  of  the  actual 

velocities  /  V'  by  the  geostrophic  relations.  The  characteristic  of 
the  conservation  of  this  quantity  is  fulfilled  with  considerable  accuracy. 

From  the  deduction  it  follows^  that  this  accwacy^  under  normal 
conditions  when  the  flux  of  heat  and  the  amount  of  turbulent  transfer  of 
the  motion  In  the  free  atmosphere  is  small^  is  completely  sufficient  for 
all  kinds  of  practical  calculations. 


In  conclusion  1  would  like  to  express  thanks- to  1.  A.  Kibel  for  the 
valuable  joint  discussions  on  the  first  stage  of  carrying  out  the  present 
work. 
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